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Comment on ‘‘Superfluid Turbulence from Quantum
Kelvin Wave to Classical Kolmogorov Cascades’’

In a recent Letter [1], Yepez et al. performed numerical
simulations of the Gross-Pitaevskii equation (GPE) using a
novel unitary quantum algorithmwith very high resolution.
They claim to have found new power-law scalings for the
incompressible kinetic energy spectrum: ‘‘. . . (the) solu-

tion clearly exhibits three power law regions for Eincomp
kin !k":

for small k the Kolmogorov k#!5=3" spectrum while for high
k a Kelvin wave spectrum of k#3 . . . .’’

In this Comment we point out that the high wave number
k#3 power law observed by Yepez et al. is an artifact
stemming from the definition of the kinetic energy spectra
and is thus not directly related to a Kelvin wave cascade.
Furthermore, we clarify a confusion about the wave num-
ber intervals on which Kolmogorov and Kelvin wave cas-
cades are expected to take place.

The dynamics of a superflow is described by the GPE
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coherence length and c is the velocity of sound (for a fluid
of unit mean density). The superflow is irrotational, except
on the nodal lines c $ 0, which are the superfluid vortices.

The GPE dynamics Eq. (1) conserves the energy that can
be written as the sum (the space integral) of three parts: the
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"
p

vj"2, the internal energy
Eint $ !c2=2"!"# 1"2, and the quantum energy Eq $
c2!2!@j

!!!!
"

p "2. Using Parseval’s theorem, one can define
the corresponding energy spectra, e.g., the kinetic energy
spectrum Ekin!k", as the sum over the angles of j 1

!2$"3 &R
d3reirjkj

!!!!
"

p
vjj2 [2].

The 3D angle-averaged spectrum of a smooth isolated
vortex line is known to be proportional to that of the 2D
axisymmetric vortex, an exact solution of Eq. (1) given by
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vj has a small r singular behavior of

the type r0 and behaves as r#1 at large r. In general, for a
function scaling as g!r" ( rs the (2D) Fourier transform is
ĝ!k" ( k#s#2 and the associated spectrum scales as k#2s#3.
Thus Ekin!k" scales as k#3 for k ) k! ( !#1 and as k#1 for
k * k! [3].
Following the above discussion, the k#3 power law

observed in [1] is an artifact stemming from the definition
of the kinetic energy spectra and is not directly related to a
Kelvin wave cascade.
Another very important scale, not discussed in the Letter

[1], is the scale ‘ of the mean intervortex distance. The
hydrodynamic (Kolmogorov) energy cascade is expected
to end at k‘ ( ‘#1 [2] and the Kelvin wave cascade to
begin there, after an eventual bottleneck [4]. Note that
‘I ) ‘ ) !, where ‘I is the energy containing scale. We
thus believe that nothing particularly interesting is taking
place between k! and the maximum wave number kmax of
the simulation and that there is a confusion in [1] between
k‘ and k!.
We thank M. Abid and C. Nore for useful discussions.
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FIG. 6: (Color online) a) Temporal evolution of energies (as
in Fig4.a) for ξkmax = 1.48, 2.97 and 6.01 (resolution 642,
1283 and 2563 respectively). Yellow stars are the kinetic en-
ergy reconstructed from fit data using Eq.(63). b) Kinetic
energy spectrum at t = 17.4 for ξkmax = 1.48, 2.97 and 6.01;
the dashed black line indicates k2 power-law scaling. c) Tem-
poral evolution of kinetic energy spectrum; the solid red lines
correspond to fits using Eq.(62) and the dashes black line
indicate k−3 power-law scaling. d) Temporal evolution of ef-
fective self-truncation wavenumber kc (Eq.(62)) at different
resolutions.

enough? Note that this problem is related to the classical
Fermi-Pasta-Ulam-Tsingu problem [42].

To try to answer this question within the Taylor-Green
framework would be computationally very expensive as
long runs should be performed at arbitrarily high resolu-
tions.

A simple alternative idea to study this problem is to
use initial data for the TGPE generated by the SGLE
with a variable truncation wavenumber kinc , set to a tar-
get value of kc, smaller than the maximum truncation
wavenumber kmax allowed by the resolution. This SLGE-
generated initial data can then be used to run the TGPE
at a given value of ξkc with arbitrarily large values of
ξkmax. A number of runs were performed at resolution
643 with various values of kinc , ξ, and initial energy ein

(see legend on Fig.7). The result of these computations
are compared with the above Taylor-Green runs (see
Fig.6) and displayed on Fig.7. Because of the steep de-
cay of the energy spectrum for k � kc, the self-truncation

wavenumber is determined using the integral formula

kc =

����5

3

� kmax

0 k2ekin(k)dk
� kmax

0 ekin(k)dk
. (64)

A general growth in time of kc is apparent on Fig.7.a
for both the Taylor-Green runs and the SGLE-generated
initial data, showing similar behavior. In order to check
for self-similar regime a parametric Log-Log represen-
tation dkc/dt v.s. kc has been used on Fig.7.b and
Fig.7.c. With this representation, a self-similar evolution
kc(t) ∼ tη corresponds to a line of slope χ = (η − 1)/η.
Figure 7.b, shows transient self-similar evolutions, that
all terminate by a vertical asymptote, corresponding to
logarithmic growth (η = 0). This self-truncation takes
place for small values of kc/kmax strongly suggesting that
the self-truncation happens in a regime independent of
cut-off. Finally, Fig.7.c suggests that, depending on ini-
tial conditions, self-truncation can take place at arbitrar-
ily values of ξkc.
As the dynamics of modes at wave-numbers larger than

kc is weakly nonlinear, it should be amenable to a descrip-
tion in terms of wave turbulence theory; this could per-
haps explain the slowdown of the thermalization in this
zone. The new regime indicates that total thermaliza-
tion is delayed when increasing the amount of dispersion
(controlled by ξkmax) but is preceded by a partial ther-
malization (quasi-equilibrium up to kc) within a PDE.
We now turn to estimations of order of magnitude rel-

evant to physical BEC. At low-temperature, the GPE is
known [3] to give an accurate description of the (classical)
dynamics of physical BEC at scales larger than the in-
teratomic separation �. At finite temperature the TGPE
gives a good approximation of Bose-Einstein condensate
(BEC) only for the phonon modes with high occupation
number, see [3, 13]. At very low temperature thus only
a limited range of low-wavenumber density waves are in
equipartition.
This limited range has consequences on the low-

temperature thermodynamics of BEC that can be ob-
tained by the following considerations. The equiparti-
tion range is determined by the relation k ≤ keq with
�ωB(keq) = kBT where the Bogoluibov dispersion rela-
tion ωB(k) is given by

ωB(k) = k

�
g|A0|2
m

+
�2
4m

k2. (65)

The coherence length ξ defined in Eq.(7) can be expressed
in terms of the s-wave scattering length ã defined by g =
4πã�2/m and the mean inter-atomic particle distance � ≡
n−1/3 ≈ |A0|−2/3 as

ξ = (8πnã)−1/2 = �
1√
8π

�
�

ã

�1/2

. (66)

For weakly interacting BEC the coherence length thus
satisfies ξ � �. The equipartition wavenumber keq ex-
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Figure 7.b, shows transient self-similar evolutions, that
all terminate by a vertical asymptote, corresponding to
logarithmic growth (η = 0). This self-truncation takes
place for small values of kc/kmax strongly suggesting that
the self-truncation happens in a regime independent of
cut-off. Finally, Fig.7.c suggests that, depending on ini-
tial conditions, self-truncation can take place at arbitrar-
ily values of ξkc.
As the dynamics of modes at wave-numbers larger than

kc is weakly nonlinear, it should be amenable to a descrip-
tion in terms of wave turbulence theory; this could per-
haps explain the slowdown of the thermalization in this
zone. The new regime indicates that total thermaliza-
tion is delayed when increasing the amount of dispersion
(controlled by ξkmax) but is preceded by a partial ther-
malization (quasi-equilibrium up to kc) within a PDE.
We now turn to estimations of order of magnitude rel-

evant to physical BEC. At low-temperature, the GPE is
known [3] to give an accurate description of the (classical)
dynamics of physical BEC at scales larger than the in-
teratomic separation �. At finite temperature the TGPE
gives a good approximation of Bose-Einstein condensate
(BEC) only for the phonon modes with high occupation
number, see [3, 13]. At very low temperature thus only
a limited range of low-wavenumber density waves are in
equipartition.
This limited range has consequences on the low-

temperature thermodynamics of BEC that can be ob-
tained by the following considerations. The equiparti-
tion range is determined by the relation k ≤ keq with
�ωB(keq) = kBT where the Bogoluibov dispersion rela-
tion ωB(k) is given by

ωB(k) = k

�
g|A0|2
m

+
�2
4m

k2. (65)

The coherence length ξ defined in Eq.(7) can be expressed
in terms of the s-wave scattering length ã defined by g =
4πã�2/m and the mean inter-atomic particle distance � ≡
n−1/3 ≈ |A0|−2/3 as

ξ = (8πnã)−1/2 = �
1√
8π

�
�

ã

�1/2

. (66)

For weakly interacting BEC the coherence length thus
satisfies ξ � �. The equipartition wavenumber keq ex-
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