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What is TGPE (or PGPE)?

• Clasical GPE contains density waves (sound 
with dispersive effects at large k)

• These phonon modes should be quantized

• Can they be treated classically?

• Analogy with black body...



Black body and truncation...

�ω(kcut) = �ckcut ∼ kBT

kcut ∼ kBT/�c

k < kcutequipartition for wavenumbers

energy/volume: k3
cutkBT ∼ T 4k4

B/�3c3

energy/volume= aT 4

Temperature 
dependent cutoff 

modes below 
cutoff can be 

treated classically!
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 T = 0 0 < T < TC T = TC (no unique choice) (see main text for details & further clarifications)

Static Bogoliubov 2.2 Suitable for very limited regime close to T=0

Hartree-Fock        
(Static)

3.1.2
Simplest equilibrium theory for describing partially-condensed bosonic gases           

(Hartree-Fock Energy Spectrum)

HFB - Popov (Static) 3.3.1 As above - but additionally includes (T=0) dressing to quasiparticles

Generalized HFB 
(Static)
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Number-conserving 
Bogoliubov (Static)

5.2.3
Ensures number-conservation by construction. More cumbersome to implement.         

Includes corrections due to finite size and shape effects

Modified Mean Field 
(Low dimensions)

5.1
Full treatment of phase fluctuations. Ab initio determination of density profiles and 

correlation functions at equilibrium for all dimensions d=1, 2 and 3

Hartree-Fock 
(Dynamical)

4.2 No particle exchange between condensate & thermal cloud, or many-body effects

Number-conserving 
Bogoliubov 
(Dynamical)

5.3
Essentially as above, but without relying on symmetry-breaking.                      

Additionally includes many-body effects & corrections due to finite size.

Self-Consistent      
Gross-Pitaevskii-

Boltzmann          
(' ZNG')

4.4.3
Includes particle exchange between condensate and thermal cloud (not restricted to 

ergodicity). Describes well both elementary and macroscopic excitations.               
Not suitable for (low-dimensional) regimes exhibiting strong phase fluctuations.

Truncated Wigner 6.2.1
Quantum noise included in initial conditions of simulation only, with dynamics governed by 

the Gross-Pitaevskii equation. Most suitable for study of quantum effects at short times 
and relatively low temperatures.

*
Classical Field 

(Projected          
Gross-Pitaevskii)

6.1

Based on the assumption that all relevant (low-lying)  modes of the system are highly 
occupied and therefore behave predominantly in a classical manner. Arbitrary (non-
equilibrium) initial conditions are propagated to equilibrium by the (Projected) Gross-

Pitaevskii equation. 

Stochastic          
Gross-Pitaevskii     
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Quantum Boltzmann

6.2.2  
6.2.3

Accurately describes fluctuations at phase transition. (Quasi)condensate (low-lying modes 
of the system) equilibrates in contact with thermal cloud (higher-lying modes), including 
dynamical (thermal / quantum) noise. Existing numerical implementations include noise 

throughout the simulations but are currently restricted (for purely numerical reasons) to a 
static thermal cloud (heat bath) and a classical (instead of the usual Bose) distribution 

function for the low-lying modes.

Coherence    
(Phase 

Fluctuations)

INDICATIVE GUIDELINES FOR POSSIBLE CHOICE OF 'MINIMUM THEORY' ACCORDING TO REGIME UNDER STUDY

Regime under 
Study

Temperature

* This approach has been used by some authors to describe the route towards condensation and the shift in the critical temperature.

Figure 16. Indicative discussion of possible choices for a ‘minimum’ theory to be used in the description of relevant experimental studies.
Such a classification is suggestive and should not be taken too literally, as other factors may affect the choice (e.g. computational effort,
particulars of each case, etc). Also, there are more than one possible ‘minimal choices’ for certain scenarios, and the choice for what
constitutes a simpler theory is objective and may depend on the particular tools available to each researcher. This table is therefore only
intended to accompany the detailed and summative discussions given in this tutorial. Naturally, improved theories can always be used to
describe simpler phenomena (although that is not necessarily required unless improved accuracy is needed)—e.g. the projected
Gross–Pitaevskii, or the stochastic Gross–Pitaevskii equation could be used to discuss finite-temperature equilibrium properties of 3D Bose
gases.

of truncated Wigner which is prone to spurious damping
(heating) as a result of classical thermalization during the
simulations. Although by its mathematical construction the
SGPE formalism, coupled to a quantum Boltzmann equation,
is in our opinion the most advanced formalism to date, its
full potential has not yet been explored. In particular, in
terms of its numerical implementation, most simulations to
date have been performed (i) in the classical approximation,
i.e. the thermal modes are not treated by the full Bose–Einstein
distribution function, and quantum effects are discarded, and
(ii) in coupling to a static heat bath, rather than to a dynamical
thermal cloud. It is anticipated that both of these difficulties
will be gradually overcome in the future.

8.5. The quest for an ‘optimal’ theory

So, where does that leave us regarding a choice for an
‘optimal’ theory? We hope that the preceding discussion
has convinced the reader that the answer to this question
actually depends on the details of the particular problem under

consideration. While the most advanced theories can also be
used to study much simpler problems, clearly one normally
seeks the simplest (and computationally fastest) approach that
will describe each particular case; we have thus attempted an
approximate—but neither unique, nor free from controversy—
classification along those lines in figure 16. In brief:

• If dynamics are not an issue, then the self-consistent
Hartree–Fock theory is a very good starting point,
with Hartree–Fock–Bogoliubov–Popov or generalized
Hartree–Fock–Bogoliubov perhaps constituting a ‘safer
bet’. However, if one is investigating low-dimensional
systems at equilibrium, one should fully account for phase
fluctuations by means of the appropriately modified mean-
field theory.

• If one is interested in coupled condensate–thermal cloud
dynamics (beyond the linear response limit), then one
should in first instance resort to a ‘two-component’
formulation in terms of a dissipative Gross–Pitaevskii
equation, coupled to a quantum Boltzmann equation—
sometimes referred to as the ‘ZNG’ theory.
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Abstract
The theoretical description of trapped weakly interacting Bose–Einstein condensates is
characterized by a large number of seemingly very different approaches which have been
developed over the course of time by researchers with very distinct backgrounds. Newcomers
to this field, experimentalists and young researchers all face a considerable challenge in
navigating through the ‘maze’ of abundant theoretical models, and simple correspondences
between existing approaches are not always very transparent. This tutorial provides a generic
introduction to such theories, in an attempt to single out common features and deficiencies of
certain ‘classes of approaches’ identified by their physical content, rather than their particular
mathematical implementation. This tutorial is structured in a manner accessible to a
non-specialist with a good working knowledge of quantum mechanics. Although some
familiarity with concepts of quantum field theory would be an advantage, key notions, such as
the occupation number representation of second quantization, are nonetheless briefly
reviewed. Following a general introduction, the complexity of models is gradually built up,
starting from the basic zero-temperature formalism of the Gross–Pitaevskii equation. This
structure enables readers to probe different levels of theoretical developments (mean field,
number conserving and stochastic) according to their particular needs. In addition to its
‘training element’, we hope that this tutorial will prove useful to active researchers in this field,
both in terms of the correspondences made between different theoretical models, and as a
source of reference for existing and developing finite-temperature theoretical models.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

1.1. Bose–Einstein condensation

One of the most exciting developments in modern physics has
been the increasing sophistication of experimental techniques
to cool, confine and manipulate atoms with optical and
magnetic fields. In recent years, this has culminated in the
achievement of quantum degeneracy in dilute ultracold gases
of bosons [1–5] and fermions [6, 7], allowing the creation
of novel many-body systems with unprecedented control,
tunability and versatility [8, 9].

1 Brian Jackson died unexpectedly on 30 August 2007, in the early stages of
the preparation of this paper.

Indistinguishable particles with integer (bosons) and half-
integer (fermions) spin differ in how they occupy quantum
states. While no more than one fermion can occupy each
state (known as the Pauli exclusion principle), the number of
bosons in a state is unrestricted. The difference becomes most
apparent when one cools down a gas to low temperatures T,
where the de Broglie wavelength, !dB ! 1/

"
T , becomes the

same order or larger than the distance between particles. The
system then enters a quantum degenerate regime. The most
spectacular manifestation of this occurs for bosons, which
below a critical temperature Tc undergo a phase transition,
or Bose–Einstein condensation (BEC), where particles tend
to macroscopically occupy a single quantum state—the
condensate.

0953-4075/08/203002+66$30.00 1 © 2008 IOP Publishing Ltd Printed in the UK
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The temporal evolution of Ekin, E
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displayed in Fig. 2(a) and the corresponding energy spectra
on Figs. 2(c) and 2(d).

Three evolution phases are apparent on Fig. 2(a). The
first phase, for t & 15, corresponds to the GPE regime
previously studied in [2]. In the second phase, for 20 &
t & 70, the spectral convergence of the GP partial differ-
ential equation is lost and the dynamics is influenced
by kmax. Partial thermalization starts to take place at
large wave numbers where Ekin"k# ( k2 [see Fig. 2(c)].
Figure 2(b) shows that this phase is delayed when the
resolution is increased at constant "kmax. When t > 80
the system reaches the thermodynamic equilibrium with
equipartition of energy between Ec

kin and Eq & Eint; see
Fig. 2(d). Finally, Ei

kin vanishes before final thermalization
[see Figs. 2(a) and 2(b)]; the total disappearance of vortices
is observed on corresponding 3D visualizations (data not
shown). Similar relaxation mechanisms are also present in
models of hydrodynamic turbulence and the truncated
Euler dynamics [8,10,11].

We now focus on a characterization of thermodynamic
equilibrium that will allow us to account for the absence of

vortices and the equipartition of energy in the final states.
Microcanonical equilibrium states are known to result
from long-time integration of TGPE [6,7]. Grand canonical
equilibrium states are given by the probability distribution
Pst)c * ! Z$1 exp)$$"H $%N#*. They allow us to di-
rectly control the temperature (instead of the energy in a
microcanonical framework). These states can be efficiently
obtained by constructing a stochastic process that con-
verges to a realization with the probability Pst)c * [12].
This process is defined by a Langevin equation consisting
in a stochastic Ginbzurg-Landau equation (SGLE):
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where the white noise &"x; t# satisfies h&"x; t#&+"x0; t0#i !
'"t$ t0#'"x$ x0#, $ is the inverse temperature and % the
chemical potential. Using this algorithm in [12] the micro-
canonical and grand canonical ensembles were shown
to be equivalent and the condensation transition reported
in [6,7] identified with the standard second order ( tran-
sition (see insets on Fig. 3). Note that cp would be very
difficult to obtain from microcanonical results.
At low temperature the partition function Z can be

exactly computed by the steepest-descent method [12]. In
particular, the mean value of the condensate amplitude

reads jĉ 0j2 ! %
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FIG. 1 (color online). 3D visualization of density at t ! 5, 10,
31, and 55 at resolution 5123 [see below Fig. 2(b)]. Vortices are
displayed as red isosurfaces and clouds correspond to density
fluctuations.

FIG. 2 (color online). (a) Temporal evolution of energies Ec
kin,

Ei
kin,Ekin andEq & Eint. At large times, the incompressible energy

vanishes and equipartition of energy betweenEkin andEq & Eint is
observed. Resolution of 2563. (b) Temporal evolution of Ei

kin at
resolution of 643, 1283, 2563 and 5123 with constant "kmax !
1:48. (c)–(d) Energy spectra at t ! 55 and t ! 77 resolution 5123

and 2563, respectively.
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Thermalization dynamics in turbulent BEC is investigated 
using the TGPE.
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In numerical simulations of Eq. (2), ! is adjusted to
fix the density (or the pressure p) [12]. The inverse
temperature is normalized as " ! N =VT. With this
choice of parametrization the #-transition temperature
T# is independent of N . Data from SGLE and low-
temperature calculation are confronted on Fig. 3 and seen
to be in good agreement.

The temperature dependence of the different energies
is displayed on Fig. 3. Observe that Ei

kin vanishes at tem-
peratures T=T# & 1=2. This explains the disappearance of
vortices in Fig. 2 above as the corresponding final tem-
perature is well below T# [see corresponding values of
energies on Fig. 2(a)]. At low-temperature equipartition
of energy between Ekin and Eq " Eint is also apparent on
Fig. 3. Note that a larger kmax implies, by equipartition, a
lower temperature. The corresponding dissipative effects
are thus smaller explaining the thermalization delay appar-
ent on Fig. 2(b).

We now turn to the study of dispersive effects on the
thermalization of the TGPE dynamics. In order to inves-
tigate dispersive effects, the TG initial condition described
above is prepared at fixed $ !

!!!
2

p
=20 and varying resolu-

tion: 643, 2563, and 2563. The three initial condition thus
represent the same field at different resolutions.

The evolutions of the energies of the three runs are
shown on Fig. 4(a). They are identical until t # 5 where
the run at resolution 643 starts to lose spectral convergence.
All runs appear to have completely thermalized at t # 20.
However the kinetic energy spectra corresponding to this
time, displayed on Fig. 4(b), shows clear differences be-
tween runs. The high-wave number modes are thermalized
in the 643 run but they decay at large k at higher resolu-
tions. In the 2563 run, two zones are clearly distinguished:
an intermediate thermalized range (with approximative
k2 scaling) followed, well before kmax ! 85, by a steep
decay zone.

The temporal evolution of Ekin$k% for the 2563 run dis-
played in Fig. 4(c) is well represented by a fit of the form

A$t%k2 exp&'%2$t%k2(, where A$t% and kc$t%)%'1$t%*kmax

are increasing functions of t. Such a behavior of the energy
spectra ensures spectral convergence and the dynamics
is thus not influenced by kmax. Furthermore, we checked
that A$t%k3c$t% # Ekin for t * 20 (data not shown). This new
regime can be described as a (quasi) thermalization, with
self-truncation at wave number kc and temperature T )
E=k3c, that spontaneously establishes itself within the GP
partial differential equation dynamics when the direct
energy cascade is inhibited by a dispersive bottleneck
for the energy transfer [13].
An open question is whether thermalization is simply

delayed or, as in the Fermi-Pasta-Ulam-Tsingu problem
[15], completely inhibited in the self-truncation regime
$kmax ! 1. It is not feasible now to directly study this
limit, within the TG framework, as it requires long runs at
arbitrarily high resolution. To skip the TG cascade regime
and directly study the self-truncated thermalization regime
we use initial data generated by the SGLE instead of the
TG vortex. Towit, we use Eq. (2) with a variable truncation
wave number kinc , set to a target value of kc, smaller than
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FIG. 3 (color online). Temperature dependence of the energies
Ec
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grams) at constant density. Insets: (right) Temperature depen-
dence of the condensate fraction jc 0j2=&; (left) Specific heat
cp ! @H

@T jp at resolution 1283.

FIG. 4 (color online). (a) Evolution of energies at $ !
!!!
2

p
=20

and resolution 643, 1283, and 2563. (b) Energy spectrum Ekin$k%
at t ! 19:8 for the three TG runs. (c) Evolution of Ekin$k%, solid
red lines are fits of the form Ak2 exp&'%2k2( (see text).
(d) Evolution of kc. Curves i–iv: $ ! 2
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Taylor-Green resolutions 643, 1283, and 2563. (e) Parametric
representation dkc=dt vs kc=kmax (same labels as d).

PRL 106, 115303 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

18 MARCH 2011

115303-3

In numerical simulations of Eq. (2), ! is adjusted to
fix the density (or the pressure p) [12]. The inverse
temperature is normalized as " ! N =VT. With this
choice of parametrization the #-transition temperature
T# is independent of N . Data from SGLE and low-
temperature calculation are confronted on Fig. 3 and seen
to be in good agreement.

The temperature dependence of the different energies
is displayed on Fig. 3. Observe that Ei

kin vanishes at tem-
peratures T=T# & 1=2. This explains the disappearance of
vortices in Fig. 2 above as the corresponding final tem-
perature is well below T# [see corresponding values of
energies on Fig. 2(a)]. At low-temperature equipartition
of energy between Ekin and Eq " Eint is also apparent on
Fig. 3. Note that a larger kmax implies, by equipartition, a
lower temperature. The corresponding dissipative effects
are thus smaller explaining the thermalization delay appar-
ent on Fig. 2(b).

We now turn to the study of dispersive effects on the
thermalization of the TGPE dynamics. In order to inves-
tigate dispersive effects, the TG initial condition described
above is prepared at fixed $ !

!!!
2

p
=20 and varying resolu-

tion: 643, 2563, and 2563. The three initial condition thus
represent the same field at different resolutions.

The evolutions of the energies of the three runs are
shown on Fig. 4(a). They are identical until t # 5 where
the run at resolution 643 starts to lose spectral convergence.
All runs appear to have completely thermalized at t # 20.
However the kinetic energy spectra corresponding to this
time, displayed on Fig. 4(b), shows clear differences be-
tween runs. The high-wave number modes are thermalized
in the 643 run but they decay at large k at higher resolu-
tions. In the 2563 run, two zones are clearly distinguished:
an intermediate thermalized range (with approximative
k2 scaling) followed, well before kmax ! 85, by a steep
decay zone.

The temporal evolution of Ekin$k% for the 2563 run dis-
played in Fig. 4(c) is well represented by a fit of the form

A$t%k2 exp&'%2$t%k2(, where A$t% and kc$t%)%'1$t%*kmax

are increasing functions of t. Such a behavior of the energy
spectra ensures spectral convergence and the dynamics
is thus not influenced by kmax. Furthermore, we checked
that A$t%k3c$t% # Ekin for t * 20 (data not shown). This new
regime can be described as a (quasi) thermalization, with
self-truncation at wave number kc and temperature T )
E=k3c, that spontaneously establishes itself within the GP
partial differential equation dynamics when the direct
energy cascade is inhibited by a dispersive bottleneck
for the energy transfer [13].
An open question is whether thermalization is simply

delayed or, as in the Fermi-Pasta-Ulam-Tsingu problem
[15], completely inhibited in the self-truncation regime
$kmax ! 1. It is not feasible now to directly study this
limit, within the TG framework, as it requires long runs at
arbitrarily high resolution. To skip the TG cascade regime
and directly study the self-truncated thermalization regime
we use initial data generated by the SGLE instead of the
TG vortex. Towit, we use Eq. (2) with a variable truncation
wave number kinc , set to a target value of kc, smaller than

0 0.2 0.4 0.6 0.8 1 1.2
0

1

2

3

4

T/T!

0 0.2 0.4 0.6 0.8 1 1.2
0

0.5

1

T/T!

|"
0
|2/#

constant p, 643
constant #, 643

constant p,1283

0 1 2
0

0.1

0.2

0.3

0.4

T/T!

c
p

FIG. 3 (color online). Temperature dependence of the energies
Ec
kin (stars), E

i
kin (diamonds), Ekin (circles) and Eq " Eint (penta-

grams) at constant density. Insets: (right) Temperature depen-
dence of the condensate fraction jc 0j2=&; (left) Specific heat
cp ! @H

@T jp at resolution 1283.

FIG. 4 (color online). (a) Evolution of energies at $ !
!!!
2

p
=20

and resolution 643, 1283, and 2563. (b) Energy spectrum Ekin$k%
at t ! 19:8 for the three TG runs. (c) Evolution of Ekin$k%, solid
red lines are fits of the form Ak2 exp&'%2k2( (see text).
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thermalization when large 

dispersive effects are present at 
truncation wave number and 

produces an effective self-
truncation.

 These effects are in 
principle observable in 

physical BEC.
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Standard counter-flow mutual-friction effects are 
obtained and measured within the TGPE. BRIEF REPORTS PHYSICAL REVIEW B 83, 132506 (2011)
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FIG. 1. (Color online) Temperature dependence of the normal
density !n (see text). Inset: Pz as a function of vn at fixed temperature
T = 0.08T". Points, SGLE (2) equilibration at resolution 643; solid
lines, low-temperature exact results.

discrete values for finite-sized systems. Equilibrium states with
nonzero values of the counterflow w = vn ! vs are generated
in this way.

Using this algorithm in Ref. 9 the microcanonical and grand
canonical ensembles were shown to be equivalent and the
condensation transition reported in Refs. 5 and 6 identified
with the standard second-order " transition. All of the SGLE
equilibria used in this Brief Report have a condensate at rest
(vs = 0) and therefore vn = w.

At low temperatures the partition function Z can be exactly
computed by the steepest-descent method.9 In particular,
setting vn = (0,0,vn) the momentum of the equilibrium state
reads Pz = N

#
m
µ
f [ 4mµ

h̄2k2
max

]vn, where N = k3
maxV/6$2 is the

total number of modes and f [z] = z ! z3/2 cot!1(
"

z). These
relations furnish an explicit expression for the normal density
!n = 1

V
%Pz

%vn
|vn=0.

The direct control of the counterflow vn in the SGLE
algorithm allows the temperature dependence of !n in the
TGPE context to be obtained. The low-temperature exact
results are in good agreement with SGLE data; see Fig. 1.

In all the numerical simulations presented in this Brief
Report µ is adjusted in order to fix the density ! = mN/V to 1
and the physical constants in Eqs. (1) and (2) are determined by
the relations &kmax = 1.48 and c = 2. The inverse temperature
is normalized as # = N /V T and V = (2$ )3. With this choice
of parametrization the "-transition temperature is independent
of N and its value is fixed to T" = 2.48; the quantum of
circulation h/m has the value c &/

"
2.

We now turn to counterflow effects. To wit, we use an array
of alternate-sign straight vortices 'lattice (see Ref. 10). This
exact stationary solution of the GPE is obtained by Newton’s
method. The vortices are separated by a distance $ and can be
considered isolated when & # 0, as the resolution is increased.
An equilibrium state 'eq is prepared using the SGLE (2)
with counterflow vn perpendicular to the vortices. The initial
condition ' = 'lattice $ 'eq is then evolved with the TGPE.
Figure 2(a) displays three-dimensional (3D) visualizations of
the density at t = 0 and 100 where the displacement of the
lattice is apparent. The temporal evolutions of the (parallel
and perpendicular to vn) positions of a vortex (R%,R&) are
presented in Fig. 2(c) for T = 0.2 T", T = 0.4 T", and vn = 0.4.
The counterflow-induced vortex velocity clearly depends on
temperature. A perpendicular motion is also induced at short
times. This motion has two phases: first an adaptation, making
the lattice slightly imperfect, followed by a much slower
perpendicular motion. Observe that the imperfection of the
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FIG. 2. (Color online) (a), (b) Density at t = 0, 100 of the lattice
configuration (red lines) with T = 0.4T" and vn = 0.4. Blue clouds
correspond to density fluctuations. (c) Positions (R%,R&) of a single
vortex for T = 0.2T", T = 0.4T", and vn = 0.4. Resolution 643.

lattice at final configurations is almost equal for the two
temperatures presented in Fig. 2(c), but the parallel velocities
are considerably different. The self-induced parallel velocity
caused by the slight lattice imperfection is thus very small and
does not drive the longitudinal motion.

We now concentrate on the measurement of R% for which
the present configuration is best suited. R% has a linear behavior
that allows direct measurement of the parallel velocity v%. The

0 20 40 60 80 100 120 140 160 180 200
0

200

400

t

v
n
=0

v
n
=0.2

v
n
=0.4(L

/#)
2

(b) (c)

(a)

FIG. 3. (Color online) (a) Temporal evolution of the (squared)
length of a vortex ring at different values of counterflow vn

(temperature T = 0.4T" and initial radius R = 15& ). (b), (c) 3D
visualization of the vortex ring (R = 20& ) and density fluctuations
at t = 18, 19, with T = 0.4T" and resolution 643. As in Fig. 2, the
vortex rings are red loops and the blue clouds correspond to density
fluctuations. Thermally excited Kelvin waves are apparent.
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temperature dependence of v!/vn is presented in Fig. 3 for
different values of vn and ! . This behavior is consistent with the
standard phenomenological model for the vortex line velocity
vL:3

vL = vsl + "s" # (vn $ vsl) $ ""s" # [s" # (vn $ vsl)], (3)

where s" is the tangent of the vortex line, and vsl = vs + ui is
the local superfluid velocity with ui the self-induced vortex
velocity and vn the normal velocity. The mutual-friction
coefficients in Eq. (3) are typically written as " = B#n/2#,
"" = B "#n/2# where B and B " are of order 1 and weakly
temperature dependent. Equation (3) applied to a straight
vortex with vn perpendicular to the vortex and vs = 0 yields
"" = v!/vn. The value of "" = B "#n/2# with B " = 0.83 is
displayed in Fig. 3 (bottom dashed line) and is in good
agreement with the lattice data.

We now turn to the interaction of vortex rings and coun-
terflow. The Biot-Savart self-induced velocity of a perfectly
circular vortex ring of radius R is given by

ui = h̄

2m

C(R/! )
R

, C(z) = ln (8z) $ a (4)

where a is a core model-dependent constant.3 We have
checked, with initial data $ring prepared using Newton’s
method, that the GPE (large-R/! ) ring translational velocity
is well reproduced by (4) with a = 0.615.

Equation (3) with vn perpendicular to the ring and vs = 0
yields the radial velocity Ṙ = $"(ui $ vn). The case without
counterflow (vn = 0) was studied by Berloff and Youd7 and a
contraction of vortex rings compatible with (3) was reported.
To study the influence of counterflow we prepared an initial
condition $ = $ring # $eq in the same way as above for the
vortex lattice. The temporal evolution of the (squared) vortex
length of a ring of initial radius R = 15! at temperature
T = 0.4T%, and vn = 0, 0.2, and 0.4 is displayed in Fig. 4(a).
The Berloff-Youd contraction7 is apparent in the absence of
counterflow (bottom curve). The temperature dependence of
the contraction, related to the " coefficient in Eq. (3), also
quantitatively agrees with their published results (data not
shown).

A dilatation of vortex rings is obtained [top curve in
Fig. 4(a)] when the counterflow vn is large enough. Such a
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FIG. 4. (Color online) Temperature dependence of counterflow-
induced lattice velocity v!/vn (bottom) and ring slowdown &vL/ui

(top) obtained with vn = 0. Dashed line, prediction of Eq. (3) with
"" = 0.83#n/2#; solid line, prediction of anomalous slowdown by
Eq. (6) with R = 20! at various resolutions.

dilatation—a hallmark of counterflow effects—is expected3

to correspond to a change of sign of vn $ vsl in Eq. (3).
However, the predictions of Eq. (3) unexpectedly turn out
to be quantitatively wrong. Indeed, using Eq. (4) with the
conditions of Fig. 4(a) one finds vsl = ui = 0.39, which is
significantly larger than the normal velocity vn = 0.2 around
which dilatation starts to take place [see middle curve in
Fig. 4(a)]. The prediction using Eq. (3) for the longitudinal
velocity vL = (1 $ "")ui + ""vn is also unexpectedly wrong.
Using the value of "" determined above for the vortex array,
one finds vL % 0.98ui and from Eq. (4) one finds for vL

the value 0.38, which is larger than the measured value
vL = 0.23.

This anomaly of the ring velocity vL is also present in the
absence of counterflow (vn = 0) where Eq. (3) predicts that ""

should be given by &vL/ui & (ui $ vL)/ui. The temperature
dependence of &vL/ui is displayed in Fig. 3 (top curve).
Observe that &vL/ui is one order of magnitude above the
transverse mutual friction coefficient "" measured on the
lattice.

We now relate the thermally induced anomaly to the
velocity va induced on a vortex ring by a single Kelvin wave
of (small) amplitude A and (large) wave number NK/2'R
obtained in the Local Induction Approximation (LIA) LIA11

and Biot-Savart12 frameworks. The velocity va reads [see
Eq. (26) of Ref. 11]

va = ui
!
1 $ A2N2

K

"
R2 + 3A2"4R2# (5)

where ui is the (undisturbed) ring velocity (4).
The TGPE model naturally includes thermal fluctuations

that excite Kelvin waves as apparent in Figs. 4(b) and 4(c).
We assume that the slowing down effect of each individual
Kelvin wave is additive and that the waves populate all the
possible modes. Kelvin waves being bending oscillations of
the quantized vortex lines, their wave number must satisfy
k ! k! = 2'/! . The total number of thermally excited Kelvin
waves is thus NKelvin ' Rk! .

The amplitude term A2N2
K/R2 in (5) can be obtained by

simple equipartition arguments. The energy of a (perfect) ring
is E = 2'2#sh̄

2

m2 R[C(R/! ) $ 1], with #s the superfluid density.3

A Kelvin wave produces a variation of the ring length &L =
'A2N2

K/R. Its energy can thus be estimated as &E = dE
dR

&L
2'

.

Assuming &E = ($1, this yields, at low temperatures where
#s ' #, A2N2

K/R2 = m2($1/'2#h̄2RC(R/! ). (This formula
predicts a UV-convergent rms amplitude that is in good
agreement with TGPE data, with values small enough to avoid
self-reconnections of the ring.) Replacing A2/R2 in Eq. (5),
the dominant effect is obtained by summing up to NKelvin and
it finally becomes

&vL

ui
& ui $ va

ui
' ($1m2

'2#h̄2C(R/! )
k! . (6)

The thermally induced anomalous slowdown (6) is in good
agreement with the TGPE data displayed in Fig. 3.

Fluctuating Kelvin waves also cause the effective vortex
core to be larger than the “bare” core size ! . However, it is not
possible to interpret (6) as produced by a renormalization of !
in Eq. (4). Indeed the (dominant) contribution to the slowdown
effect of a number of Kelvin waves is

$
i A

2
i N

2
i /R2 [see

132506-3
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ξkmax = 1.48), temperature and counterflow values (see

legend on Fig. 7.b).

Figure 7.a displays the temporal evolution of (R�, R⊥)

the respectively parallel and perpendicular component of

the vortex filament to the counterflow for T = 1, 0.5 and

wz = 0.4. The trajectories are obtained by averaging

! "! #!! #"! $!!
!

#!!

$!!

%!!

&!!

"!!

'!!

(!!

)

*+
,
-$

.

.

/0!1.20#
/0!3$1.20#
/0!3&1.20#
/0#.20!34

!

%3'

%34

&

&3$

&3&

&3'

)
.

#! $! %! &! "! '! (! 4! 5! #!!

.

6.*)-.203".70!3&
6.*)-.203".70!3&
6.*)-.20#.70!3&
6.*)-.20#.70!3&

! #!! $!! %!! &!! "!! '!!

!

$

&

'

)
.

.

a)

b) c)

#! #!!
#!

#!

#!

#!!

2

.

.

60#"
60$!

8.,$
9:3.*''-

/0!3$.'&%

/0!3&.'&%
/0!3$.%$%

/0!3&.%$%
/0!3'.%$%

FIG. 7: a) Trajectory of a vortex in the crystal pattern for
T = 1, T = 0.5 and wz = .4. Inset: run with T = 1 until t =
600.b) Temperature dependence of advection velocity v�/wz

for the crystal and ∆vL/vT=0
L for vortex rings. Dashed line

corresponds to eq.(70) with B� =. c) Temporal evolution of
the square of the length of vortex ring for different values of
counterflow. T = 1 and initial radius R = 15ξ. [Change
legend of fig b]

along the direction of the vortices, then the coordinate

of the vortices is found by seeking the zero of the reduced

2d wavefunction. Observe that the vortex, originally lo-

cated at (
3π
4 , 3π

4 ), moves in the direction of the counter-

flow and its velocity clearly depends on the temperature.

It is apparent that a perpendicular movement is induced.

This movement has two phases, the first one related to

an adaptation and makes the crystal imperfect inducing

a longitudinal velocity. Then the perpendicular move-

ment almost stops (a very slight slope can be observed

for long time integration). [This initial phase where
the parallel and perpendicular motions have sim-
ilar velocities lasts longer when ξ/d is decreased
by increasing the resolution (data not shown).]
Observe that the imperfection of the crystal of the new

configuration is almost equal for the two temperatures

presented in Fig.7.a, however the induced parallel veloc-

ity is considerable different. The induced parallel velocity

is thus not driving by longitudinal motion.

We now concentrate on the measurement of R� for

which the present configuration is best suited.

Observe that R� has a linear behavior, that allows to

directly measure the parallel velocity v�. The temper-

ature dependence of v�/wz is presented on Fig.7.b for

different values of wz and d/ξ (corresponding to the dif-

ferent resolutions).

For superfluid vortices the standard dynamic equation

of the vortex line velocity vL is4

vL = vsl +αs�× (vn−vsl)−α�s�× [s�× (vn−vsl)], (69)

where s� is the tangent of the vortex line, vsl is the is

the local superfluid velocity that is the sum of the am-

bient superfluid velocity vs and the self-induced vortex

velocity ui and vn = w + vs is the normal velocity. The

constants α,α� depend on the temperature. The exis-

tence of the transverse force (related to the third term

of r.h.s. in Eq.69) has been subject of a large debate

in low-temperature community in the last part of the

90’s45–51 and the controversy is not still solved. Applied

to the present case, eq.(69) predicts v⊥ = −αwz and

v� = α�wz. The value of the constant α�, related to the

transverse force, depends on the normal density and the

scattering section. It can be expressed as

α�
= B� ρn

2ρ
(70)

where B� is a order one constant4. A fit to the mea-

sured values of v�/wz yields B� = XXX, see fig.7b.

We thus conclude that finite-temperature TGPE coun-

terflow effects measured on R� for the crystal pattern are

in quantitative agreement with standard phenomenology

(eq.(69)). We have seen above that the effect on R⊥ is of

the same order of magnitude that the one on R�, as long

as crystal imperfection does not come into play.

2. Vortex rings

We now turn to study the effect of counterflow on vor-

tex rings. The initial condition is prepared as in the pre-

vious section but the crystal ψcrystal replaced by vortex

ring ψring, that is an exact stationary (in a co-moving

frame) solution of GPE. The plane containing the vor-

tex rings of radius R is perpendicular to the counter-

flow and the rings are numerically obtained by a Newton

method40–42.

In the case of vortex rings the general formula (69)

yields

Ṙ = −α(ui − wz) (71)

vL = vs + (1− α�
)ui + α�wz. (72)

In the special simple case wz = 0, a contraction of the

vortex ring is predicted. This transverse effect effect was

obtained and measured by Berloff27.

The temporal evolution of the square of the vortex

length of a ring of initial radius R = 15ξ at temperature

T = 1 and counterflow wz = 0, 0.2 and 0.4 is displayed

on Fig.7.c. For w = 0, the dynamics under TGPE evolu-

tion reproduces the Berloff ring contraction, that is due

α� =
v�

w

α� = B� ρn

2ρ
α = B

ρn

2ρ
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for the crystal and ∆vL/vT=0
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corresponds to eq.(70) with B� =. c) Temporal evolution of
the square of the length of vortex ring for different values of
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legend of fig b]

along the direction of the vortices, then the coordinate

of the vortices is found by seeking the zero of the reduced

2d wavefunction. Observe that the vortex, originally lo-

cated at (
3π
4 , 3π

4 ), moves in the direction of the counter-

flow and its velocity clearly depends on the temperature.

It is apparent that a perpendicular movement is induced.

This movement has two phases, the first one related to

an adaptation and makes the crystal imperfect inducing

a longitudinal velocity. Then the perpendicular move-

ment almost stops (a very slight slope can be observed

for long time integration). [This initial phase where
the parallel and perpendicular motions have sim-
ilar velocities lasts longer when ξ/d is decreased
by increasing the resolution (data not shown).]
Observe that the imperfection of the crystal of the new

configuration is almost equal for the two temperatures

presented in Fig.7.a, however the induced parallel veloc-

ity is considerable different. The induced parallel velocity

is thus not driving by longitudinal motion.

We now concentrate on the measurement of R� for

which the present configuration is best suited.

Observe that R� has a linear behavior, that allows to

directly measure the parallel velocity v�. The temper-

ature dependence of v�/wz is presented on Fig.7.b for

different values of wz and d/ξ (corresponding to the dif-

ferent resolutions).

For superfluid vortices the standard dynamic equation

of the vortex line velocity vL is4

vL = vsl +αs�× (vn−vsl)−α�s�× [s�× (vn−vsl)], (69)

where s� is the tangent of the vortex line, vsl is the is

the local superfluid velocity that is the sum of the am-

bient superfluid velocity vs and the self-induced vortex

velocity ui and vn = w + vs is the normal velocity. The

constants α,α� depend on the temperature. The exis-

tence of the transverse force (related to the third term

of r.h.s. in Eq.69) has been subject of a large debate

in low-temperature community in the last part of the

90’s45–51 and the controversy is not still solved. Applied

to the present case, eq.(69) predicts v⊥ = −αwz and

v� = α�wz. The value of the constant α�, related to the

transverse force, depends on the normal density and the

scattering section. It can be expressed as

α�
= B� ρn

2ρ
(70)

where B� is a order one constant4. A fit to the mea-

sured values of v�/wz yields B� = XXX, see fig.7b.

We thus conclude that finite-temperature TGPE coun-

terflow effects measured on R� for the crystal pattern are

in quantitative agreement with standard phenomenology

(eq.(69)). We have seen above that the effect on R⊥ is of

the same order of magnitude that the one on R�, as long

as crystal imperfection does not come into play.

2. Vortex rings

We now turn to study the effect of counterflow on vor-

tex rings. The initial condition is prepared as in the pre-

vious section but the crystal ψcrystal replaced by vortex

ring ψring, that is an exact stationary (in a co-moving

frame) solution of GPE. The plane containing the vor-

tex rings of radius R is perpendicular to the counter-

flow and the rings are numerically obtained by a Newton

method40–42.

In the case of vortex rings the general formula (69)

yields

Ṙ = −α(ui − wz) (71)

vL = vs + (1− α�
)ui + α�wz. (72)

In the special simple case wz = 0, a contraction of the

vortex ring is predicted. This transverse effect effect was

obtained and measured by Berloff27.

The temporal evolution of the square of the vortex

length of a ring of initial radius R = 15ξ at temperature

T = 1 and counterflow wz = 0, 0.2 and 0.4 is displayed

on Fig.7.c. For w = 0, the dynamics under TGPE evolu-

tion reproduces the Berloff ring contraction, that is due
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Kelvin waves in vortex rings
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velocity. 
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the LIA is indeed correct. Integration of the motion using the
exact BSL shows that, provided the amplitude of the Kelvin
waves is large enough, the vortex ring moves !on the aver-
age" backwards. This result is illustrated in Figs. 1 and 2: the
former shows snapshots of the ring at different times as it
travels, the latter gives the average translational velocity of
the ring along the z direction as a function of the amplitude A
of the Kelvin waves. It is apparent that the translational ve-
locity decreases with increasing amplitude of the Kelvin
waves and can even become negative.

At some critical value of the amplitude A the translational
velocity is zero and the perturbed vortex ring hovers like a
stationary helicopter. In the case of N=10 Kelvin waves this
happens when A /R=0.17 approximately, which is quite close
to the LIA prediction, A /R=0.16. For N=6 and N=20 the
critical value is, respectively, A /R=0.32 and A /R=0.085.
This dependence of the critical amplitude on N is in approxi-
mate agreement with the LIA prediction #20$.

The backward velocity of the perturbed vortex ring de-
pends nonlinearly on the amplitude A of the Kelvin waves.
At large enough amplitude A this velocity will slow down.
This can be clearly seen in Fig. 2. The Kelvin waves, that
can be imagined to behave like small vortex rings, tend to
turn backwards, or more precisely, on the direction opposite
to the motion of the unperturbed vortex ring. The larger the
amplitude the larger fraction of the ring velocity is oriented
downwards. This is compensated by the decrease in velocity
of the single ring, which is inversely proportional to the am-

plitude, resulting an optimum value at some amplitude. For
N=20 the optimum amplitude A%0.25R resulting a down-
ward velocity that is already slightly higher than the velocity
upwards of the unperturbed ring.

In addition to Kelvin waves, the translational velocity of
the vortex ring can be reduced by having an additional swirl
velocity along the vortex core. This was considered by Wid-
nall, Bliss, and Zalay #21$. However, this effect does not
matter in our limit of thin-core vortices, which is relevant to
superfluids.

The dispersion relation of large-amplitude Kelvin waves
can be obtained by tracking the motion of the vortex on the
y=0 plane, for example. If the amplitude A of the Kelvin
wave is small, the vortex draws a circle at approximately the
same angular frequency that is obtained analytically for
small-amplitude Kelvin waves and given by Eq. !1". In the
long wavelength limit !k!0" this relation becomes

! = !
"k2

4#
&ln' 2

ka
( ! $) , !8"

where $=0.5772¯ is Euler’s constant and the negative sign
only indicates that the Kelvin waves rotate opposite to the
circulation. Again the above equation differs slightly !!$ in
stead of 1/4!$" from the form given by Schwarz #22$, but
this is again only due to the definition of the core type.

We find that if we increase the amplitude of the Kelvin
waves on the ring then the angular frequency decreases, a
result which we also verified in the case of a straight vortex.
Some example curves drawn by the vortex on the y=0 plane
are shown in Fig. 3. The average angular frequency is plotted
in Fig. 4, which shows also the dispersion relation of waves
on a straight vortex for comparison.

It is important to notice that, under the LIA used by
Kiknadze and Mamaladze #20$ the vortex length remains
constant #22$, whereas the quantity which is conserved under
the exact BSL is the energy. Length and energy are propor-
tional to each other only if the vortex filament is straight,
which is not the case in our problem. Indeed, further inves-
tigation reveals that the vortex motion contains two charac-

FIG. 2. !Color online" Average translational velocity of the vor-
tex ring as a function of the initial oscillation amplitude A /R. Ve-
locity is scaled by the velocity of the unperturbed ring, vring. The
dash-dotted line corresponds to N=20, solid line to N=10, and the
dashed line to N=6 in Eq. !6". Critical amplitudes, above which the
velocities become negative, are A /R=0.085, 0.17, and 0.32,
respectively.

FIG. 1. !Color online" Snapshots of the vortex ring of radius
R=0.1 cm perturbed by N=10 Kelvin waves of various amplitude
A taken during the motion of the vortex. In the left panel !a" the
amplitude of the Kelvin waves is small, A /R=0.05, but the per-
turbed vortex ring !red color" already moves slower than the unper-
turbed vortex !blue color". In the center panel !b" the Kelvin waves
have large amplitude, A /R=0.35, and the perturbed vortex ring
moves backwards !negative z direction" on average. The top right
panel !c" shows the top !xy" view of the large amplitude vortex at
t=0 s !blue" and t=26 s !red, outermost". For comparison, a non-
disturbed vortex is shown with dashed line !green". The lower right
panel !d" gives the averaged location of the ring as a function of
time. From top to bottom the curves correspond to A /R
=0.0,0.05,0.10, . . . ,0.35.

ANOMALOUS TRANSLATIONAL VELOCITY OF VORTEX… PHYSICAL REVIEW E 74, 046303 !2006"
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Thermally induced kelvin waves 
effect stronger than mutual 
friction!

Kelvin waves effect

Mutual friction effect

17

We finally assume that the slowing down effect of each
individual Kelvin wave is additive and that the waves
populate all the possible modes. Kelvin waves are bend-
ing oscillations of the the quantized vortex lines, with
wavenumber k � 2π/ξ. The total number of modes can
thus be estimated as

NKelvin ≈ 2πR/ξ. (81)

Replacing A2N2/R2 in eq.(78) by eq.(80) and multiply-
ing by the total number of waves NKelvin we obtain the
following expression for the anomalous translational ef-
fect due to thermally exited Kelvin waves

∆vL

ui
≡ ui − va

va
≈ 2kBTm2

πρξ�2

1
log 8R

ξ − a
(82)

The temperature dependence of the equipartition esti-
mate (82) of the thermal slowdown is plotted on Fig.7.b
(top straight line). The data obtained form the measure-
ments of the rings velocity in the TGPE runs is in very
good agreement with the estimate (82).

As discussed in3,13the TGPE gives a good approxi-
mation of Bose-Einstein condensate (BEC) only for the
modes with high occupation number. In this sprit quan-
tum effects on the Kelvin waves oscillations must also be
taken into account to obtain the total slowing down effect
in a BEC. The TGPE estimation (82) can be adapted to
weakly interacting BEC by the following considerations.

At very low temperature, only a limited range of low-
wavenumber Kelvin waves are in equipartition. This
range is determined by the relation k ≤ keq with
�ω(keq) = kBT and the dispersion relation (77), it reads:

keq =

�
kBT 2m

�2[ln (8R
ξ )− a]

. (83)

The coherence length ξ defined in eq. (7) can be ex-
pressed in terms of the s-wave scattering length ã defined
by g = 4πã�2/m and the mean inter-atomic particle dis-
tance � ≡ n−1/3 ≈ |A0|−2/3 as

ξ = (8πnã)−1/2 = �
1√
8π

�
�

ã

�1/2

. (84)

For weakly interacting BEC the coherence length thus
satisfies ξ � �.

Using the Bose-Einstein condensation temperature of
non-interacting particles (valid for ã� �)3

Tλ =
2π�2

kBm

�
n

ζ( 3
2 )

�2/3

(85)

where ζ(3/2) = 2.6124 . . ., the number of Kelvin waves
can be expressed as

keq =

�
4π n2/3

ζ( 3
2 )2/3[ln (8R

ξ )− a]

�
T

Tλ

�1/2

. (86)

Observe that keq varies from keq = 0 at T = 0 to
wavenumber of order keq ∼ �−1 at Tλ and it is equal
to kξ = 2π/ξ at T ∗ defined by

T ∗ = 8π2ζ(
3
2
)2/3[ln (

8R

ξ
)− a]

�
ã

�

�
Tλ. (87)

Therefore at temperatures T ∗ < T < Tλ the energy of all
Kelvin waves are in equipartition and equation (82) thus
applies directly.

It is natural to suggest that an additional effect, caused
by the quantum fluctuations of the amplitudes of Kelvin
waves, will take place at low temperatures T < T ∗ . This
quantum effect can be estimated by using the standard
relation for the energy of the fundamental level of a har-
monic oscillator ∆E = �ω(k)/2. Applied to the Kelvin
waves, this relation yields the k-independent quantum
amplitude A2

Q = m/4π2Rρ. The quantum effect can thus
be estimated as the sum

NKelvin�

N=N eq
Kelvin

A2
QN2

R2
∼

A2
QNKelvin

3

3R2
=

2mπ

3ρξ3
=

64π5/2

3
√

2

�a

�

�3/2
.

(88)
The total effect is obtained superposing the thermal effect
and the quantum effect and the final result is

∆vL

ui

����
T<T∗

=
64π5/2

3
√

2

�
ã

�

�3/2

+
(4/
√

π)
ζ( 3

2 )C[R
ξ ]3/2

�
T

Tλ

�3/2

(89)

∆vL
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����
T>T∗

=
8
√

2π

ζ( 3
2 )2/3C[R

ξ ]

�
ã

�

�1/2 T

Tλ
(90)

where C[R/ξ] = log
�

8R
ξ

�
− a.

In the case of superfluid Helium, where ã ∼ �, the
GPE description is only expected to give qualitative pre-
dictions and, at best, order of magnitude estimates (see
ref.4). It is thus difficult to extend the above consider-
ations, obtained in the case of weakly interacting BEC
with ã� �, to Helium.

Nevertheless the results obtained above in the weakly
interacting case strongly suggest the presence of new
slowing down effects, not included in the usual mu-
tual friction descriptions of Helium that predicts ∆vL

ui
∼

ρn/ρ ∼ (T/Tλ)4. The new effects, because of their tem-
perature dependence (see eq. (90)), should be dominant
at low-temperature.

The zero-temperature quantum slowdown is indepen-
dent of the ring diameter and the finite temperature ef-
fects are stronger for small rings. Time of flight measure-
ments of vortex rings in 4He could be used to determine
the translational velocity. The effect could also be stud-
ied in ultra-cold atomic gases BEC. For these systems
the effect of the inhomogeneity of the superfluid should
be taken into account.



Main result 
Vortex rings are 
decelerated by 

thermal fluctuations 
of Kelvin waves.

These fluctuations, generic 
in finite-temperature 

superfluids, produce an 
experimentally testable 

effect that dominates the 
standard effects at low 

temperatures.

BRIEF REPORTS PHYSICAL REVIEW B 83, 132506 (2011)

0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.05

0.1

0.15

T/T

n

0 0.5 1 1.5 2
0

0.02

0.04

v
n

p
z

FIG. 1. (Color online) Temperature dependence of the normal
density !n (see text). Inset: Pz as a function of vn at fixed temperature
T = 0.08T". Points, SGLE (2) equilibration at resolution 643; solid
lines, low-temperature exact results.

discrete values for finite-sized systems. Equilibrium states with
nonzero values of the counterflow w = vn ! vs are generated
in this way.

Using this algorithm in Ref. 9 the microcanonical and grand
canonical ensembles were shown to be equivalent and the
condensation transition reported in Refs. 5 and 6 identified
with the standard second-order " transition. All of the SGLE
equilibria used in this Brief Report have a condensate at rest
(vs = 0) and therefore vn = w.

At low temperatures the partition function Z can be exactly
computed by the steepest-descent method.9 In particular,
setting vn = (0,0,vn) the momentum of the equilibrium state
reads Pz = N

#
m
µ
f [ 4mµ

h̄2k2
max

]vn, where N = k3
maxV/6$2 is the

total number of modes and f [z] = z ! z3/2 cot!1(
"

z). These
relations furnish an explicit expression for the normal density
!n = 1

V
%Pz

%vn
|vn=0.

The direct control of the counterflow vn in the SGLE
algorithm allows the temperature dependence of !n in the
TGPE context to be obtained. The low-temperature exact
results are in good agreement with SGLE data; see Fig. 1.

In all the numerical simulations presented in this Brief
Report µ is adjusted in order to fix the density ! = mN/V to 1
and the physical constants in Eqs. (1) and (2) are determined by
the relations &kmax = 1.48 and c = 2. The inverse temperature
is normalized as # = N /V T and V = (2$ )3. With this choice
of parametrization the "-transition temperature is independent
of N and its value is fixed to T" = 2.48; the quantum of
circulation h/m has the value c &/

"
2.

We now turn to counterflow effects. To wit, we use an array
of alternate-sign straight vortices 'lattice (see Ref. 10). This
exact stationary solution of the GPE is obtained by Newton’s
method. The vortices are separated by a distance $ and can be
considered isolated when & # 0, as the resolution is increased.
An equilibrium state 'eq is prepared using the SGLE (2)
with counterflow vn perpendicular to the vortices. The initial
condition ' = 'lattice $ 'eq is then evolved with the TGPE.
Figure 2(a) displays three-dimensional (3D) visualizations of
the density at t = 0 and 100 where the displacement of the
lattice is apparent. The temporal evolutions of the (parallel
and perpendicular to vn) positions of a vortex (R%,R&) are
presented in Fig. 2(c) for T = 0.2 T", T = 0.4 T", and vn = 0.4.
The counterflow-induced vortex velocity clearly depends on
temperature. A perpendicular motion is also induced at short
times. This motion has two phases: first an adaptation, making
the lattice slightly imperfect, followed by a much slower
perpendicular motion. Observe that the imperfection of the
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FIG. 2. (Color online) (a), (b) Density at t = 0, 100 of the lattice
configuration (red lines) with T = 0.4T" and vn = 0.4. Blue clouds
correspond to density fluctuations. (c) Positions (R%,R&) of a single
vortex for T = 0.2T", T = 0.4T", and vn = 0.4. Resolution 643.

lattice at final configurations is almost equal for the two
temperatures presented in Fig. 2(c), but the parallel velocities
are considerably different. The self-induced parallel velocity
caused by the slight lattice imperfection is thus very small and
does not drive the longitudinal motion.

We now concentrate on the measurement of R% for which
the present configuration is best suited. R% has a linear behavior
that allows direct measurement of the parallel velocity v%. The
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FIG. 3. (Color online) (a) Temporal evolution of the (squared)
length of a vortex ring at different values of counterflow vn

(temperature T = 0.4T" and initial radius R = 15& ). (b), (c) 3D
visualization of the vortex ring (R = 20& ) and density fluctuations
at t = 18, 19, with T = 0.4T" and resolution 643. As in Fig. 2, the
vortex rings are red loops and the blue clouds correspond to density
fluctuations. Thermally excited Kelvin waves are apparent.
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Michele Sciacca

The one-fluid model of helium II based on 
Extended Irreversible Thermodynamics

(see slides)



Sergey Nemirovskii

Dynamics of Single Lines vs. Kinetics of Many 
Loops

(see sildes)



KS vs. LNR

• email exchange

• Kozik’s slides

• Victor L’vov



email exchange



email exchange not 
really conclusive...

************    The L'vov-Nazarenko Effect  (in a thought experiment)  ************

Take a vortex line of the form

            y(x)  = A \cos (kx),    z=0 ,

with A = 0.1 parsec ,      k = 1 parsec^{-1} ;  the  temperature being  zero.

Observation: For all practical purposes, the line does not evolve in time.

On the line,  create two counter-propagating Kelvin wave packets of the size 1cm each,
separated by a distance 3cm from each other, with a typical wavelength of 1mm.

Now attention: The theory by L'vov and Nazarenko predicts that the scattering rate of
the two wave packets on each other will scale with

             |y'(x)| = - Ak |\sin (kx) |  \sim 1 ,

 that is will be strongly sensitive to the spatial orientation
 of the  essentially straight  (at the parsec scale !)  element of the line.

**********************************************************************************************

From Svistunov



LNE is a model which makes additional steps with respect to the object of our controversy, the asymptotics of the 6-
wave vertex, where the matter is very straightforward - who has made a mathematical mistake? Victor will write to 
you about it, but for now I will answer your questions about LNE, just to conclude this discussion.

Best,
Sergey

Q1. Do you find the formulation of the initial condition (not the 
outcome!) of my
thought experiment free of ambiguities?

Yes ___         No _V__

AMPLITUDE OF THE SHORT KW'S IS NOT SPECIFIED. HOWEVER, TO ANSWER THE OTHER 2 QUESTIONS I 
WILL ASSUME THAT THE AMPLITUDE IS SUCH THAT THE CHARACTERISTIC NONLINEAR LENGTHSCALE IS 
MUCH LESS THAN 1PC.

---------------------------------------------------------------------------------------------------------------------------

Q2. Is your Local Nonlinear Model applicable to predict the result for 
the evolution of the
wave packets in my thought experiment in the case when the reference 
axis is the x-axis?

Yes ___         No __V_

I ASSUME HERE THAT LNE HAS THE SAME BOUNDS OF APPLICABILITY AS THE KINETIC EQUATION 
(BEYOND THAT WE DO NOT KNOW), AND THE KE DOES NOT DESCRIBE THE PC-SCALE EVOLUTION. SO, 
THE FRAME SHOULD BE SUCH THAT THE MEAN DEVIATION OF THE RELEVANT SCALES IS 0, I.E. THE 
LOCAL FRAME IN YOUR EXAMPLE.

---------------------------------------------------------------------------------------------------------------------------

Q3. Is your Local Nonlinear Model applicable to predict the result for 
the evolution of the
wave packets in my thought experiment in the case when the reference 
axis
is tangential to the curve y(x) at the point x_0?

Yes _V__         No ___

BUT IT WOULD SAY NOTHING ABOUT THE INCLINATION OF THIS FRAME.

Answer from 
Nazarenko



Our calculation was done by two independent people, Olexii and 
Jason, who were kept from looking at each others codes. Victor 
and I have thouroughly checked every step. I cannot exclude a 
mistake, but my estimate would be 99% that our result is correct. 
The remaining 1% is important, however, this is why we would be 
delighted if you repeated and checked the calculation, instead of 
persisting with the dodgy handwaving.

Now, we have done a lot of exchanges on your strange thought 
experiment, while you completely and repeatedly ignored my 
questions. And my answers too!! I am sure people have stoped 
reading all this, so I will not waste my time no more, and this is the 
last reply on your example. I will only write again when you present 
your maths.

Your Hamiltonian on the table please!



Kozik’s slides

To facilitate the discussion, we "put the 
Hamiltonian on the table", as suggested 
by Sergey, in its most accessible form of 
a direct numerical simulation. 

This should be a good starting point to 
get more people involved into the 
discussion. 
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Abstract In the Ref. (Lebedev and L’vov in J. Low Temp. Phys. 161, 2010,
doi:10.1007/s10909-010-0215-2), this issue, two of us (VVL and VSL) considered
symmetry restriction on the interaction coefficients of Kelvin waves and demon-
strated that linear in small wave vector asymptotic, obtained analytically, is not
forbidden, as Kosik and Svistunov (KS) expect by naive reasoning. Here we dis-
cuss this problem in additional details and show that theoretical objections by
KS, presented in Ref. (Kozik and Svistunov in J. Low Temp. Phys. 161, 2010,
doi:10.1007/s10909-010-0242-z), this issue, are irrelevant and their recent numerical
simulation, presented in Ref. (Kozik and Svistunov in arXiv:1007.4927v1, 2010) is
hardly convincing. There is neither proof of locality nor any refutation of the pos-
sibility of linear asymptotic of interaction vertices in the KS texts, Refs. (Kozik
and Svistunov in J. Low Temp. Phys. 161, 2010, doi:10.1007/s10909-010-0242-z;
arXiv:1006.0506v1, 2010). Therefore we can state again that we have no reason
to doubt in this asymptote, that results in the L’vov–Nazarenko energy spectrum of
Kelvin waves.

Keywords Kelvin waves · Interaction locality · Rotational symmetry · Numerical
simulations
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the best discussion!

(Etihad slogan...)


